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Abstract An active area of post-CMOS device research is
to study the possibility of realizing and exploiting exotic
quantum states in nanostructures. In this paper we consider
one such system, two layers of graphene separated by an
oxide insulator. This system has been predicted to have an
excitonic condensate that survives above room temperature.
We describe a computational technique—path integral quantum Monte Carlo (PIMC)—that directly simulates manybody quantum phenomena, including excitonic condensation. Starting from a simplified quasiparticle model, the
many-body PIMC simulations show excitonic pairing and a
confirm a superfluid phase that persists above room temperature. We then present an atomistic PIMC model that captures more details of graphene than our quasiparticle model,
and discuss how to extract parameters for a non-equilibrium
Green’s function calculation.
Keywords Graphene · Exciton condensate · Path integral ·
Quantum Monte Carlo · Superfluidity
1 Introduction
The future of device simulation appears to be a merger
of materials science, electrical engineering, and quantum
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physics. As technologies mature, there is increasing amount
of research directed at new materials or nanostructured systems that may offer new capabilities for switching, sensing, or transporting signals. A further avenue for progress
is the exploitation of exotic quantum states. Superconductors and lasers are perhaps the best-known examples of coherent quantum states with clear technological applications,
but many other systems have been studied by physicists. In
this paper, we discuss a coherent quantum state—an excitonic condensate—that has been predicted to exist in bilayer
graphene [1–5] and has been proposed for a new switching device [6]. Our computational investigation utilizes a
many-body simulation tool, path integral quantum Monte
Carlo (PIMC), which is natural for studying superfluids [7],
and which we have also found useful for studying quantum
dots [8] and wire nanostructures.
The notion of an excitonic condensate dates back to the
1960’s [9–11]. Since excitons are composed of two fermions (an electron and hole), they obey Bose statistics. At low
temperatures and high densities, one may expect excitons
to undergo a Bose-Einstein condensation (BEC) transition.
However, exciton gases are usually meta-stable states that
do not form condensates, since electron-hole recombination
destroys excitons and releases energy [12]. In fact, recent
experiments have had much more success studying condensation of polaritons in optical cavities [13–16]. These polaritons are hybridized exciton-photon states: bosons with
very small effective masses but significant repulsive interactions. Such polariton condensates exhibit features of both
excitonic condensates and lasers [17].
Another experimental system related to excitonic condensation is a bilayer quantum hall state. Over the past
decade a plethora of spectacular transport effects have been
experimentally observed in GaAs/AlGaAs semiconductor
bilayers. These systems are in the νtotal = 1 quantum Hall
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state, which means there is one electron per magnetic flux
line, so each electron is bound to one magnetic flux quanta.
Individually, each layer is in the ν = 12 state, since all the
magnetic flux passes through both layers but only half the
electrons are in each layer. As is the case for other quantum Hall phenomena, a strong magnetic field plays an important role of quenching the electrons’ kinetic energy, allowing Coulomb interactions to play a dominant role. At
these special filling factors, experiments have shown that
both the longitudinal and Hall resistances vanish [18–20]
when the device is biased in the counterflow geometry. Furthermore, when tunneling transport is measured at νtotal = 1,
there is a resonantly enhanced tunneling peak [21] in the
differential conductance. These experiments have been interpreted as manifestations of Bose-Einstein condensation
of indirectly bound excitons. The excitons are formed by
making a particle-hole transformation on one of the layers
in the ν = 12 state. This analysis assumes that the layers are
spin polarized at ν = 12 , which has been recently confirmed
using optical absorption measurements [22].
The advent of graphene offers new possibilities for the
realization of an excitonic condensate. Recent theoretical
work [1–5] has predicted that if one were to fabricate a bilayer heterostructure using graphene monolayers, in a fashion similar to that of the semiconducting case, then for certain interlayer separations and layer carrier concentrations,
the transition temperature may be well above room temperature. Bilayers of graphene are suited to the observation of BEC at much higher temperatures than semiconductor bilayers due to the fact that it is atomically twodimensional, which enhances Coulomb interactions, and because graphene has a bandstructure that is both linear and
gapless, with particle-hole symmetry.
In this paper we discuss the calculation of properties associated with excitonic superfluidity in bilayer graphene heterojunctions using the path integral Monte Carlo (PIMC)
method. We find that the superfluid fraction remains saturated well beyond room temperature and we estimate the
critical temperature Tc ≈ 800 K. While our estimate is larger
than the previous estimates, we attribute the difference the
fact that our simple model does not include linear bands and
valley degeneracy, and also to finite size effects from our
periodic simulation cell. Furthermore, our calculated superfluid density, winding numbers, and pair correlation functions suggest that the transition is consistent with that of an
excitonic BEC (of preformed electron-hole pairs) rather than
a Bardeen-Cooper-Schriefer (BCS) type transition, where
pair formation occurs at Tc .

2 Device description
In Fig. 1 we illustrate a device geometry in which excitonic
condensation may be observed. We have two monolayers of
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Fig. 1 Bilayer graphene tunneling device structure. Two sheets of
graphene are separated by a one-nanometer thick insulating oxide
layer. Electron and hole concentrations in the top and bottom layers
are set by the top and bottom gates (VTG and VBG ), and tunneling currents are driven by leads attached to the top and bottom and graphene
layers (VTL , VTR , VBL , and VBR )

graphene which are separated by a thin oxide barrier. Top
and bottom gates (VTG and VBG ) are used to electrostatically manipulate the quasiparticle concentrations in the top
and bottom layers. The top and bottom gates are separated
from the graphene layers by gate oxides which are several
nanometers thick. The state can be probed by four gates,
on the left and right sides of the top and bottom layers (VTL ,
VTR , VBL , and VBR ) [1, 23]. As the phenomenon of excitonic
condensation has not yet been experimentally observed in
graphene bilayers, this device geometry is suggested for addressing the possible realization and detection of such a condensate.

3 The path integral quantum Monte Carlo method
A central issue, from a computational electronics perspective, is to quantitatively study the condensed state. In materials-based device models, one has an underlying Hamiltonian, such as an ab inito Hamiltonian for first principles
atomistic simulations or a quasiparticle (effective mass) model for studying transport in semiconductor devices. In principle, the excitonic condensate emerges from the interacting
particles described by the Hamiltonian. However, Bose condensation or superfluidity is inherently a many-body effect;
so standard device simulations that assume weakly interacting electrons are of limited use. Instead, we utilize quantum Monte Carlo (QMC) methods that can directly simulate
strongly correlated electronic systems.
In the 1980’s, Ceperley and Pollock developed the PIMC
method as a tool to study Bose condensation in liquid helium [7, 24]. Later work extended the method to fermions
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[25], including electrons [26]. The extension to fermionic
systems introduces the infamous sign-problem, which may
be managed with the fixed-node approximation [25]. The
fixed-node approximation takes the fermionic density matrix and maps it onto an effective bosonic density matrix
which can then be easily solved with PIMC. The fixed-node
approximation has been used for simulating materials under
extreme conditions [27, 28], and has seen some use in simulating condensation in paired fermionic systems [29–31].
The fixed-node approximation has also been used in groundstate diffusion QMC studies of electron hole condensates
[32, 33].
In the path-integral formalism of quantum statistical
mechanics, the many-body thermal density matrix is represented as a sum over imaginary time paths [34],
1
i (R)i∗ (R  )e−βEi
ρ(R, R ; β) ≡
Z
i

1
− 1 SE [R(τ )]
=
.
R(β)=R DR(τ )e 
Z R(0)=R 


(1)

Here R represents the position coordinates of all the quantum particles, i (R) are the many-body energy eigenstates
with energy Ei , β = 1/kB T is the inverse temperature expressed in units of inverse energy, and the partition function
Z normalizes the density matrix, tr ρ = 1. The integral in the
second line of the equation is a path integral: a sum over random walks R(τ ) taking place in “imaginary time” τ , starting at R  at imaginary time τ = 0 and ending at R at imaginary time τ = β. The paths are weighted by the real-valued
Euclidian action, which is a functional of the path R(τ ),

SE [R(τ )] =
0

β  1

2


m|Ṙ| + V (R(τ )) dτ,
2

(2)

where V (R) includes any external potentials and interactions between particles.
When computing expectation values, one takes a trace
over paths, R = R  , so the path integral becomes a sum
over closed paths. Thus the particles appear as closed loops,
each about
√ the size of the thermal de Broglie wavelength,
λdB = h/ 2πmkB T . If the particles are identical, there is
an additional sum over permutations,
ρ(R, R  ; β) =

1 1 
(±1)P
Z N!
P

1
× R(β)=P R DR(τ )e−  SE [R(τ )] ,

(3)

R(0)=R 

which symmetrizes or antisymmetrizes the many-body
wavefunction. The factor (±1)P puts in the required plus
and minus signs for permutations of bosons and fermions,
respectively. If the thermal wavelength λdB is much less than

the interparticle spacing, the sum is dominated by the identity permutation. But, at low temperatures, λdB becomes
large and the sum contains significant contributions from all
N ! permutations. For bosons, the introduction of permutations leads to a percolation transition, as large chains of permuting bosons span the sample, which Feynman first identified with the superfluid phase transition [35].
When simulating fermions, the minus signs in (3) lead
to an exponential inefficiency in Monte Carlo simulations,
known as the fermion sign problem. We handle this with a
ground-state fixed node approximation [36, 37], which we
implement in the following way. At every slice on the path,
we plug the electron and hole coordinates into a Slater determinant [29],
det |φ(re,i − rh,j )|,

(4)

where we have taken φ(r) = e−r/a as an s-wave pairing
wavefunction and we have set a = 2.3 nm. In sampling, we
reject all paths that cross the nodes of this wavefunction.
That is, we exclude from the path integral (3) any paths R(τ )
in which the Slater determinant (4) changes sign. This effectively eliminates all the negative terms, giving an approximate solution to the fermionic path integral. This choice of
nodal surface (4) is based on our earlier work with threedimensional exciton condensates [29], and we base the pairing function φ(r) on an excitonic wavefunction.
There are several reasons why the PIMC approach is useful for simulating electronic systems. The first is that this
is a true many-body formalism. Quantum mechanics is often applied at a single particle level, using three-dimensional
wavefunctions in the Schrödinger equation or matrices representing three-dimensional basis sets. Such approaches are
approximations that often require many-body effects to be
reintroduced by hand. In Refs. [2, 23, 38], for instance, all
effects of Coulomb interactions are ignored except for an
enhancement of interlayer tunneling that emerges from a
mean-field treatment of Bose condensation. In those treatments of bilayer graphene, one neglects all interactions except for an “on-site” Coulomb interaction for an electron
and hole adjacent to each other, but in opposite layers. In
the path integral approach, no single-particle approximation
is made, so many-body effects emerge naturally. This is especially important for the problem at hand, since condensation of excitons in bilayer graphene is a many-body quantum
effect.
Moreover, the path integral naturally averages over all
quantum and thermal fluctuations. In (1), the thermal sum
over many-body energy eigenstates is implicit in the path
integral; one never computes the individual energy eigenstates. In a sense, this is what gives PIMC its power: rather
than spending computer time finding the many-body energies and wavefunctions for each eigenstate individually, the
focus instead is on the direct calculation of observables in
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the canonical ensemble. This is a particularly important for
the simulations considered here, as thermal fluctuations play
a critical role in determining the stability of the superfluid
phase and the temperature of the superfluid transition.
One of the major benefits of the PIMC technique is that
the imaginary-time path integral lends itself to efficient evaluation on high-performance computers. In a PIMC calculation [7], the many-body path, R(τ ), is stored in array of
size N × Ndim × Nslice , where N is the number of particles, Ndim = 1, 2, or 3, is the number of spatial dimensions,
and Nslice is the number of slices in imaginary time. For a
simulation in at room temperature, the imaginary time path
extends for a duration β ∼ 1 ps, which we discretize with
Nslice = 256 slices. Lower temperature simulations require
longer paths and more slices. The atomistic PIMC methods
that we describe in Sect. 4.3 have even more slices, in the
thousands, needed to resolve electron-nuclear interactions
and handle higher electron densities. The path integral (1) is
sampled with Monte Carlo integration, and the algorithm is
easily parallelized to dozens or even hundreds of processors.
This is achieved by dividing Nslices over several processors
(“workers”) and by using embarrassingly parallel collection
of Monte Carlo date over multiple clones with different random number streams. The simulations scale as O(N 2 ) due
to the Coulomb interactions in the action, or order O(N 3 )
when Slater determinants are used for the fixed-node approximation.

4 Condensate fraction and superfluid density
Bose condensation is the macroscopic occupation of a large
number of particles in a single quantum state. For non-interacting particles, this idea flows naturally from the BoseEinstein distribution, but for interacting Bose particles (such
as helium atoms or excitons) the concept is more subtle.
Essentially, interacting particles in a condensate do try to
occupy the same single-particle state, but they also must
avoid overlapping to reduce potential energy. These competing ideas manifest themselves in a many-body wavefunction, but the essence of the many-body state can be described
by the condensate fraction and condensate wavefunction.
To define the condensate wavefunction for the bilayer
system, one begins by constructing the one-particle density
matrix,


ρ1 (r, r ) = ψT† (r)ψB (r)ψT (r )ψB† (r ) .

(5)

Here the angle brackets indicate an expectation value over
the many-body wavefunction and a thermal average. The
eigenvectors of the one-particle thermal density matrix are
the natural orbitals, and the eigenvalues are the fractional
occupations. If there is a condensate, one orbital will have

a large occupation; this orbital is the condensate wavefunction, and its occupation is the condensate fraction. Note that
the condensate fraction of an interacting system will be less
than 100% even at T = 0, reflecting the need for particles to
avoid each other in the interacting wavefunction.
In PIMC, the off-diagonal density matrix may be sampled
from an open path [7]. In this approach, one would open one
electron path and one hole path. If a condensate is present,
the density matrix would have non-zero contributions when
the open ends an electron and hole pair are far from each
other. Since the diffusion of a particle in imaginary-time
only
√ extends one thermal de Broglie wavelength, λdB = h/
2πmkB T , a condensate requires multiple excitons to permute together in long chains [7, 29].
As a mathematical shorthand, condensation is occasionally referred to as spontaneous symmetry breaking,


(6)
φ(r) ≡ ψT (r)ψB† (r) = 0.
This is convenient because of the formal similarity to other
order parameters that occur at phase transitions, such as
spontaneous magnetization. However, (6) is incorrect because it requires the system to be in a quantum superposition of many different numbers of excitons. This is an artificial constraint, since an excitonic condensates can exist
in an eigenstate of known Ne and Nh . In fact, if tunneling
is neglected as in Ref. [2], then Ne and Nh are perfectly
good quantum numbers. The condensate fraction from the
long range order in (5) is meaningful in that case, while the
shorthand φ(r) in (6) is identically zero. Nevertheless, the
shorthand φ(r) can be a convenient theoretical device, as
long as care is taken when ascribing physical meaning to
the results.
In our path integral simulations, we use the superfluid
density as an order parameter to establish the critical temperature for excitonic condensation. Superfluid density is
the fraction of the material that stays at rest when the system is moved slowly (as in a torsion pendulum) [39]. Unlike the condensate fraction, the superfluid fraction (ρs /ρ)
approaches 100% at low temperature. Superfluid fraction is
a good order parameter: it is zero above Tc and increases
monotonically from zero below Tc , finally reaching a saturated value of unity at low temperatures.
In these calculations, we use quasi-particle PIMC simulations. In quasiparticle PIMC simulations, we simulate
the electron and hole quasi-particles, rather than an explicit
atomistic model, allowing much larger simulation cells.
Such calculations have been used to study three-dimensional
electron-hole condensates in model semiconductors [30]
and two-dimensional condensates in quantum well structures [32, 33]. This ability to simulate larger cells comes at a
price, as the simulation of the graphene quasiparticle Hamiltonian, which has the form of a Dirac Hamiltonian [40],
HDirac = (−ivf α · ∇),

(7)
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is not amenable to PIMC methods. Instead we model graphene as a parabolic semiconductor with identical electron and
hole masses. Furthermore, in our constant-number simulations we are unable to include electron-hole recombination,
so tunneling between layers is not explicitly included in the
simulations. However, the single particle tunneling amplitude is expected to be quite small in these systems, so eliminating single particle tunneling should not qualitatively
change our results. Instead, the Coulomb enhancement of
tunneling in quasi-particle PIMC must be inferred from
analysis of interlayer correlation of electrons and holes.
In the quasi-particle model of a symmetric electron-hole
bilayer with identical parabolic bands, the Hamiltonian is
[33],
H=

Ne
2

pi,e
i=1

+

2m∗


i<j

+

Nh
2

pi,h
i=1

2m∗

+


i<j

e2
|ri,e − rj,e |


e2
e2

. (8)
−
|ri,h − rj,h |
|ri,e − rj,h |2 + d 2
i,j

We take = 3.9, corresponding to SiO2 barriers. To set the
effective mass, we require that the Fermi velocity match the
quasi-particle velocity of graphene, vF = 108 cm/s [41]. For
a two-dimensional electron (or hole) density ne , this condition gives an effective mass,
m∗ = 

4πn
,
gvF2

Fig. 2 (Color online) Typical paths for electrons and holes in a quasiparticle PIMC simulation of bilayer graphene with d = 0.5 nm. In
this figure, the red dashed lines represent hole quasi-particles and the
blue solid lines represent electron quasi-particles. Excitons appear as
nearby electron and hole paths. (a) At temperatures √
above Tc , particle paths are localized by the thermal wavelength (h/ 2πmkB T ) and
do not connect around the periodic boundary conditions, indicating the
absence of a superfluid. (b) At temperatures below Tc , the bosonic excitons condense, as revealed by long permuting chains (shown with
thicker lines) that wrap around the periodic simulation cell

bottom layers constant. Here we see that the paths now form
long chains which permute around the periodic boundary
conditions of our cell, indicating that we are below Tc . We
have highlighted such a permuting electron-hole path with a
thicker line in Fig. 2(b). This path behavior is an indication
of the long range order in the thermal density matrix that
suggests excitonic superfluidity.
4.1 Excitonic pairing

(9)

where g is the degeneracy due to spin and sub-lattice degrees
of freedom. For graphene, g = 4, but to simplify our the
superfluid analysis we have restricted ourselves to g = 1.
For a density n = 5 × 1012 cm−2 and ν = 1, (9) gives m∗ =
0.09 me .
In Fig. 2 we begin our analysis of superfluidity in bilayer
graphene systems by examining the path permutations for
a graphene bilayer with layer electron and hole concentrations of ne = nh = 5 × 1012 cm−2 , which are well within the
range of densities sustainable in monolayers of graphene.
One advantage of the quasiparticle PIMC technique is that
Bose-Einstein condensation of excitons can be directly simulated. An excitonic superfluid appears as long permuting
paths that wind around the periodic boundaries of the simulation cell [7, 30]. In Fig. 2 we show electron and hole paths
for a graphene bilayer with interlayer spacing d = 0.5 nm.
The simulation cell is a periodic square 20 nm in length,
containing 20 electron-hole pairs. In Fig. 2(a), the temperature is 1200 K and we see excitons, which appear as nearby
(paired) electron and hole trajectories. The localization of
the paths (as small loops) shows that we have not crossed
the superfluid phase boundary. In Fig. 2(b), the temperature
is reduced to 300 K while we keep the density in the top and

While Fig. 2 provides insight into the behavior of the paths
above and below Tc , we wish to perform a more qualitative
analysis for the formation of excitonic pairs. Furthermore,
we also desire a way of distinguishing the transition as being that of a neutral excitonic superfluid or that of a chargecarrying supercurrent. To accomplish this we analyze the
statistics of the winding numbers for the electrons and holes
in the system. For a system of N bosons in a cubic box with
side length L, the superfluid fraction is given by [7],
ρs
mT L2
= Ndim
W2 ,
ρ
N

(10)

where W are topological winding numbers of the path configurations, written as dimensionless integers. In two dimensions, this simplifies to only depend on the density, boson
mass, and temperature,
ρs
2mT
=
W2 .
ρ
n

(11)

For our room-temperature simulations performed above with
electron and hole densities of ne = nh = 5 × 1012 cm−2 , by
utilizing an effective mass of m = 2 × 0.09 me (11) simplifies to ρs /ρ ≈ 1.22 W 2 .
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In practice, we collect separate winding statistics for electrons and holes, as a histogram of probabilities,
P (Wh,x , Wh,y , We,x , We,y ),

(12)

which we collect in a four-dimensional array in the PIMC
simulations.
Using the winding histogram (12), we calculate the average,
W2 =

1
(Wh,x + We,x )2 + (Wh,y + We,y )2 .
4

(13)

For analysis, we separate the winding histogram (12) into
the sum and difference of the exciton winding: the “excitoncoupled” sum of winding numbers,
P (Wh,x + We,x , Wh,y + We,y ),

(14)

and the “charge-coupled” difference of winding numbers,
P (Wh,x − We,x , Wh,y − We,y ).

For excitonic system in the normal state, one can think
of excitons as preformed bosons. This is especially true in
dilute systems, where one can consider a weakly interacting
gas of excitons. In such a system, at very low temperatures,
excitons have been theoretically predicted to become quantum degenerate and condensed, but such behavior is hardly
ever observed in experiments. At higher densities, one could
imagine that exciton-exciton repulsion breaks up excitons,
leading to a BCS scenario, where condensation drives excitonic pairing. One crucial difference between BEC and BCS
is the role of interaction strength in Tc . In the strong BEC
limit, where one can consider a gas of bosonic exciton, Tc is
set by quantum degeneracy, which depends on the temperature, density and mass of the excitons, but not their size. In
the BCS limit, interactions are crucial to the stabilization of
a paired state, and Tc is strongly dependent on the strength
of the pairing interaction.
One way to study exciton formation and other correlation
between layers is to look at a pair correlation function,

(15)

If the electrons and holes were very tightly bound together,
then the electron and hole windings would be identical for
all path configurations. In that case, the exciton-coupled
winding would be distributed over even winding numbers,
while the charge coupling would be zero. The squared width
of the exicton-couple winding distribution (13) is proportional to the superfluid density.
In Fig. 3, we plot both the (a) “exciton-coupled” (14) and
(b) the “charge-coupled” (15) winding probabilities. This
figure demonstrates that we are seeing an exciton condensate. First, note that exciton-coupled windings are more pronounced for even values, consistent with windings of
electron-hole pairs. Second, Fig. 3(a) shows a broad distribution of windings, not just a peak at zero winding. Using (11), we estimate the superfluid fraction to be ρs /ρ ≈
0.98. Note that the charge coupled winding, Fig. 3(b), only
has a peak at zero winding, indicating the absence of a
charge-carrying supercurrent.

nhe (|r − r0 |) =

nh (r)ne (r0 )
,
ne (r0 )

(16)

that is, the average density of holes at point r when an electron is at point r0 . Here the ne (r0 ) and nh (r) are quantum
mechanical density operators, i.e., ne (r0 ) = a † (r0 )a(r0 ). Since
we constrain electrons and holes to be in their respective layers (z = ±d/2) in the quasiparticle model, the correlation
function only depends on the in-plane separation,

(17)
ρ = (xh − xe )2 + (yh − ye )2 .
We also define intra-layer correlation functions nee and nhh ,
analogous to (16).
Figure 4 shows the pair-correlation functions for interlayer separations of d = 0.5, 1, 1.5, and 2 nm. In our model
calculations, we see evidence of excitonic pairing. The formation of excitons causes a peak in the electron hole pair
correlation function, nhe , near ρ = 0, which we see clearly
in Fig. 4(a). We see that the peak then begins to decay significantly when we increase the interlayer separation.
4.2 Temperature dependence of condensation

Fig. 3 (a) Exciton-coupled winding probability and (b) charge-couple
winding probability at room temperature, calculated for small interlayer separation. From (11), the superfluid fraction for the exciton
winding shown in (a) is ρs /ρ ≈ 0.98

Because we are using a finite-temperature many-body
method, we can directly simulate the relevant temperatures
to determine the phase diagram. To this end, we calculate the
superfluid density at a range of temperatures and interlayer
separations.
In Fig. 5, we plot the superfluid density versus the system
temperature by taking 20 electron-hole pairs in a 20 nm ×
20 nm periodic supercell, at temperatures of 150, 300, 600,
and 1200 K. We find that the superfluid fractions are essentially the same for the different interlayer separations we
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Fig. 4 Pair correlation
functions nhe and nee , defined
in (16), for different interlayer
separations, d. The solid line
show intra-layer correlation
(nee = nhh ), showing the
exchange-correlation hole. The
dashed line is the inter-layer
correlation nhe (ρ), which is
enhanced by excitonic binding
of electrons and holes

Fig. 5 Superfluid fraction ρs /ρ versus temperature from quasiparticle simulations of graphene, with n = 5 × 1012 cm−2 . Errorbars
are statistical error from Monte Carlo sampling. In contrast to the pair
correlation functions, Fig. 4, we find the calculated superfluid densities are nearly independent of layer separation for d between 0.5 and
5.0 nm, so we only show the average of all calculations. From this
graph we estimate that Tc ≈ 800 K, but consideration of finite size effects and valley degeneracy would lower this estimate by about a factor
of two

have studied, so we plot the average of all the simulation
data in the figure. We see that the fraction of superfluid density is zero for T = 1200 K and then rises smoothly to saturation. From this figure, we estimate that the superfluid fraction vanishes around 800 K, giving Tc ≈ 800 K.
In our estimates of the superfluid fraction ρs /ρ, we find
the somewhat surprising result that the superfluid fraction
only depends on temperature, not interlayer separation for
d in the range 0.5 to 5 nm. This can be understood if the
system is in the BEC limit. The interlayer separation affects
electron-hole interaction strength, and hence the size of the
excitons. However, in the BEC limit, Tc is roughly independent of the size of the bosons. If we take the superfluid fraction to be a good indicator of Tc , then our results support our
interpretation of this model being in the BEC limit.
We note that our estimates of Tc are approximately two
times larger than the previously predicted estimates [2]. We
have not accounted for finite size effects, which typically
lead to estimates of Tc that are too high in smaller systems.
Since some fluctuations are suppressed by forcing the system into a small periodic box, the ordered superfluid state
is more favorable with small system sizes. Viewed another

way, in small simulation cells there may be some extra winding not associated with long permuting paths and condensate
formation, which leads to an artificial increase in our superfluid estimate (11). A further source of discrepancy lies
in some of the assumptions in our simplified quasiparticle
model. We can comment on the effect of spin and valley degeneracy, which we have neglected by setting g = 1 in (9). If
we assume that excitons do not interact strongly, then the extra degeneracy would lower quantum degeneracy, thus lowering the transition temperature. Since (dimensionally) Tc
scales as density (since λdB ∼ T −1/2 ), a factor of two for
valley degeneracy would lower our Tc by a corresponding
factor of two.
4.3 Looking beyond the quasiparticle model
While the results of the previous section provide insights
into excitonic condensation in the bilayer system, we would
like to move beyond some of the limitations of our quasiparticle model. To this end, we are working on new atomistic PIMC simulations of graphene bilayers that will capture all the effects of the Dirac Hamiltonian. An end goal
of this new work is to extract the tunneling enhancement
term for realistic device parameters to precondition NEGF
based simulations of the condensate flow [1, 23] beyond the
linear response regime. These atomistic simulations should
include all relevant details of the Dirac Hamiltonian (7) capture many-body electron-hole interactions, and describe excitonic BEC and superfluidity.
The electronic behavior of a graphene arises from out-ofplane pz -orbitals that form π -bonds. This is well-captured
by a tight binding model with one orbital on each site of a
hexagonal lattice with bond-length a = 1.42 Å and a hoping
energy of t = 2.8 eV [40]. The Dirac Hamiltonian (7) can be
derived by linearizing the tight-binding solution around the
Fermi points. For consideration of electron-electron interactions, the systems can be modeled as a Hubbard model with
onsite interaction energy U ≈ 10 eV [40].
The Dirac Hamiltonian (7) is not amenable to the PIMC
techniques from Sect. 3, since there is a possibility of particle-hole creation and an explicit spin-dependence introduced by chirality. Instead, we can apply PIMC to a tightbinding model, from which the Dirac physics naturally
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Fig. 6 (Color online) Charge densities—(a) and (c)—and typical
paths—(b) and (d)—from atomistic PIMC simulations of interacting
electrons in bilayer graphene. Here graphene is modeled with one orbital per atom, corresponding to the electronically active out-of-plane
carbon 2pz orbitals. In this figure, the red paths represent spin up electrons and the blue paths represent spin down electrons. Charge densities are collected as a Monte Carlo sum over many such paths. An
electric field in the −z direction (applied with he top and bottom gates
in Fig. 1) has pushed 0.6 electrons from the bottom layer to top layer,
corresponding to a carrier density (electrons quasiparticles in the top
layer and hole quasiparticles in the bottom layer) of 4 × 1011 cm−2

emerges. Since we are working with continuum methods,
but only want one orbital per atom, we make a graphene
model from hydrogen atoms arranged on a hexagonal lattice. To calibrate our hydrogenic model, we have extracted
effective t and U parameters from a hydrogen dimer and
find t ≈ 2.7 eV and U − V ≈ 4.5 eV, where V is the nearestneighbor potential energy. These numbers were estimated by
simulating bosonic electrons in a dimer with protons fixed a
distance 1.42 Å apart and collecting statistics on the path
permutations and double occupancy, following the method
in Ref. [42]. At this level of approximation, which neglects
dielectric screening by valence electrons in sigma bonds and
core electrons, these values of t and U are quite reasonable, and we have not considered further refinements, such
as modifying the electron mass. In Fig. 6 we show charge
densities and typical imaginary-time paths from a PIMC
simulation of bilayer graphene. For these initial calculations,
we limited the periodic simulation cell to 120 electrons, and
artificially decreased the interlayer separation to scale with
the small simulation cell.
In the path-integral formalism, tunneling appears as instantons: rapid crossing of paths between potential minima.
In Fig. 6(d), one can see several paths crossing between layers. Quantitative extraction of U from these simulation will
require solution to several unresolved problems: (i) we have
to verify that condensation is indeed occurring within the
fixed-node approximation, (ii) the effects of bare tunneling
and correlation enhanced tunneling may have to be separated in the analysis of the PIMC data, and (iii) finite sizescaling will have to be considered, as mentioned previously.
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To calculate the on-site Coulomb term, we plan to examine the interacting interlayer conductivity versus the noninteracting interlayer conductivity. The ratio of these values will give us the interaction enhancement of the tunneling which will become part of the on-site term we desire.
To calculate the interlayer conductivity, we work with the
imaginary time current-current correlation functions. These
correlations functions then may be used in the Kubo formula for the electrical conductivity. The current-current correlation function may be collected by watching the paths
fluctuate between the two layers, as seen in Fig. 6. Here
we see paths fluctuating from the top and bottom, indicating particle transfer between the layers. When the system is
at spontaneous coherence, we expect typical values of the
exchange coupling between the layers to be ∼10% of the
system Fermi energy [2].

5 Conclusion
In this paper, we have described the use of path integral
quantum Monte Carlo to study the existence, stability and
pairing nature of excitonic superfluids in bilayer graphene
through the use of a simplified quasi-particle model. From
the superfluid density, Fig. 5, we find that the transition temperature, Tc , for doped electron-hole bilayer graphene is well
above room temperature. Here, we estimate the critical temperature to be Tc ≈ 800 K. However, this analysis likely
overestimates Tc due to the fact that we are working with
a small simulation cell, have neglected valley degeneracy,
and approximate graphene with parabolic bands. We show
by calculating the topologically invariant winding numbers
and pair correlation functions that the transition is consistent
with that of a BEC of neutral excitons rather than a charged
superfluid. We find that the superfluid density depends only
on the temperature of the system and not on the specifics of
the interlayer spacing between the two graphene layers. This
result is further evidence that the transition we see is that of a
BEC of pre-formed excitons. Finally, we have presented initial work on the use of atomistic PIMC to compute interlayer
coupling at and below interlayer phase coherence to not only
check the results given by the quasi-particle model but to estimate the strength of the on-site Coulomb term to precondition the mean-field Hamiltonian in NEGF based simulations
of the condensate dynamics.
Acknowledgements Work supported by SRC-NRI South West
Academy of Nanoelectronics and the Army Research Office. Computer
simulations were supported through NSF TeraGrid resources provided
by NCSA, LONI, and TACC, as well as computer resources from the
Fulton Center for High Performance computing.

References
1. Su, J.J., MacDonald, A.H.: Nature Physics 4, 799 (2008)

J Comput Electron (2009) 8: 51–59
2. Min, H., Bistritzer, R., Su, J.J., MacDonald, A.H.: Phys. Rev. B
78, 121401 (2008)
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