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Abstract—In this paper, we examine the performance characteristics of bilayer graphene pseudospin devices as we scale the layer
width of the monolayers of graphene which comprise the bilayer
structure. We find that, for layer widths of 30 nm, the device
performance can exceed analytical predictions due to thermal
smoothing of the interlayer interactions. However, when the device
is further scaled to 20 nm and below, we find an appreciable drop
of the maximum current the device can sustain when compared
with the predicted values which result from increased quantum
interference between injected quasi-particles and those reflected
off of the excitonic gap opened at the Fermi energy. These results
provide important insight into the maximum achievable performance characteristics and optimal device-design parameters for
this promising potential post-CMOS logic device.
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I. I NTRODUCTION

T

HE SILICON metal–oxide–semiconductor (MOS) fieldeffect transistor (MOSFET) has been a staple of the semiconductor industry for more than 30 years. In response to the
need for ever smaller devices, the MOSFET has undergone
many generations of scaling to improve the performance and
extend the life of complementary MOS (CMOS) technology.
Nevertheless, efforts to increase the MOSFET’s performance
can no longer be achieved by simply making the salient feature
sizes in the device smaller. To extend the life of CMOS,
significant efforts have been explored to augment the traditional
silicon planar technology through the addition of multiple gates
for better electrostatic control over the device. The penultimate
example of this effort is realized when the addition of multiple
gates is coupled with advances in fabricating nanowires to
produce a trigate nanowire transistor [1], [2]. While this does
reduce the tunneling currents that plague the planar MOSFETs,
the energy required to switch the device is greater than the
planar version [3]. This is a result of the fact that the carrier
mobility is decreased due to the confinement of enhanced
phonon scattering present in these structures, and it offsets the
gains made in the device electrostatics. Additionally, current
silicon-technology designs also utilize modifications made to
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the device channel. These modifications are through strain [4]
or using different high-κ gate stacks [5]. The effect of strain on
the system is to alter the silicon bandstructure to decrease the
effective mass of the carriers, thereby increasing the mobility
and overall device performance. Meanwhile, the use of highκ gate stacks allows better electric-field penetration from the
gate when compared with that of SiO2 which allows for the
use of thicker oxides, effectively increasing control over the
channel by reducing the parasitic gate current. While both
of these modifications are successful in their objectives, they
lead to only modest gains in device performance and modest
reductions in the overall power consumption as they both suffer
from increased scattering from defects and dislocations, which
offset the majority of the gains.
Not only are new designs being explored in silicon to extend
the life of CMOS but also, new materials are being explored to
replace silicon as the channel material. One approach is to use
III–V semiconductors, such as InAs [6] or InSb [7], due to their
high mobilities compared with that of silicon. Furthermore,
these materials are predicted to behave ballistically over larger
length scales at room temperature than that of silicon. Therefore, using these materials as channel replacement materials
has the potential to show large improvements in device speed
and output current. However, implementations have met with
limited success due to the low density of states of the III–V
systems compared with similar silicon technologies [8], [9].
Yet, each of these approaches to extend the life of CMOS suffer from a common problem in that they all operate based on the
same device physics. Even if any of these previous approaches
were to work ideally, the subthreshold slope can only be
60 mV/dec. Clearly, in the search for a low-power CMOS logic
alternative, there has been a significant effort to seek solutions
in materials and systems beyond those traditionally explored
systems presented earlier. These include the following: molecular [10], single-electron transistors [11], and carbon nanotubes
(CNTs) [12], [13]. Of these different systems, the most popular
and most successful has been CNTs. CNTs have demonstrated
nearly ideal switching characteristics, increased device speed,
and lower power consumption than that of traditional planar
silicon logic by utilizing band–band tunneling; however, their
implementation has been significantly impeded by the fact that
there still exists no solution to sort the metallic CNTs from the
semiconducting ones. Until this problem is resolved, CNTs will
not be useful logic devices.
A particularly attractive way to solve the power-consumption
problem in next-generation logic devices is by harnessing the
collective motion of electrons. Current MOSFET technology is
based on a set of independently moving electrons. Switching
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requires a change in gate voltage large enough to shift each
electron’s energy by more than the room-temperature thermal
energy. With collective motion of electrons, one may hope to
achieve switching with smaller changes in gate voltage: The
energy of an entire ensemble of electrons can be shifted by
more than the room-temperature thermal energy, turning on
transport, even though each electron’s energy is shifted by only
a small fraction of that amount. One of the most spectacular
demonstrations of collective behavior in the last ten years is the
giant enhancement in tunnel current in semiconductor bilayer
devices in the quantum Hall regime [14]. The enhanced tunnel
current between the two layers occurs when electrons in the
top layer bind with vacancies in the bottom layer to form
“indirect excitons,” which in turn organize into a Bose–Einstein
condensate (BEC). This type of behavior may be viewed as
spontaneous coherence: selection of a particular superposition
of states in the two layers for the entire system. While this type
of behavior is normally found only at very low temperatures
and in large magnetic fields, recent work has shown that it is
possible to find spontaneous coherence at and above room temperature in bilayer graphene devices when one layer contains
only electrons, and the other layer contains an equal number of
holes [15]–[17].
We believe that the existence of such an effect would make a
very effective post-CMOS switch. We envision that the switch
would operate in by setting the bottom layer gate voltage to
contain a large number of holes with the top layer gate voltage
initially unbiased. We apply a small interlayer bias so as to drive
an interlayer current from the top layer to the bottom layer.
At this point, the device would be in the “OFF” state as there
would be only a few stray carriers in the top layer, and the
only interlayer current observable would be some small singleparticle tunneling events. As we begin to increase the voltage
on the top layer, populating the top layer with more electrons,
the interlayer exchange begins to enhance the tunneling current.
This process continues until we reach the “ON” state of our
device when the layer quasi-particle densities are balanced, and
the strongly correlated state forms produce a maximal interlayer
current. This process would create a transfer characteristic that
is very reminiscent of an ID –VG trace in a traditional MOS
transistor. While we would envision a subthreshold slope that
is much less than the theoretical limit of 60 mV/dec seen in
MOSFETs, we do not, at present, understand how quickly
the interlayer-exchange enhancement amplifies the interlayer
tunneling current. It is this property which will set the switching
energy of our device. Therefore, switching from off to on would
be accomplished by switching the top gate voltage from no bias
to the equal and opposite bias of the bottom layer voltage.
Recent work has examined different possible logic devices
which could be realized if such a device were to be fabricated
experimentally using an assumed set of transfer characteristics
[18], [19]. In this paper, we seek to expand the understanding
of how such a device would perform at room temperature
under an otherwise ideal set of conditions by examining the
interlayer-transport characteristics through the use of quantum
transport simulations based on the popular nonequilibrium
Green’s function technique. In particular, we study the effect
of scaling the layer width in the interlayer currents. We find
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Fig. 1. Schematic of the bilayer graphene device under consideration in this
paper. We have two monolayers of graphene separated by 1 nm of SiO2 . The
device has top and bottom gates which are separated from the graphene by an
additional 20 nm of SiO2 . We place contacts on the left and right edges of the
top (VTL , VTR ) and bottom (VBL , VBR ) graphene layers through which we
may inject and extract current.

that, for layer widths in excess of 20 nm, the device behaves
in much the same way as has been previously predicted in that
the device can sustain larger interlayer currents than previously
predicted due to thermal smoothing of the interlayer interactions. However, when the layers reach a width of 20 nm, we
find that the maximum device current drops by almost one
order of magnitude due to the presence of strong quantuminterference effects which serve to energetically separate the
two layers. These results provide important insight into the
maximum achievable performance characteristics and optimal
device-design parameters for this potential post-CMOS logic
device.
II. D EVICE S TRUCTURE AND S IMULATION M ETHOD
In Fig. 1, we show a schematic of the bilayer graphene device
that we consider in this paper. Here, we have two monolayers of
graphene separated from one another by a thin tunnel dielectric
consisting of 1 nm of SiO2 . We have top and bottom gates VTG
and VBG , respectively, which are isolated from the graphene
layers by 20 nm of SiO2 . We utilize the top and bottom gates to
draw carriers into the graphene layers. We connect the left and
right edges of the top and bottom layers with contacts through
which we may inject and extract current. The length of the
graphene monolayers is set to 100 nm for the remainder of this
paper, and we set the system temperature to room temperature,
or Tsystem = 300 K. The width of the graphene layers will be
varied throughout the remainder of this paper from 10 to 40 nm.
We set the top and bottom gate voltages to be VTG = −VBG =
0.4 V, which correspond to an electron and hole concentration
of 1 × 1013 cm−2 , which is the maximum quasi-particle density
that the graphene layers may maintain before breakdown [20].
To maximize the flow of the superfluid in our system, we
choose the drag–counterflow bias configuration [21]. In this
bias configuration, the contacts are biased with VTL = VIL and
VTR = −VIL , while VBL = VBR = 0 V. In this way, we will
drive electrons from the top layer to the bottom layer on the
left side of the device, while at the same time, we drive holes
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from the top layer to the bottom layer. The currents that we
plot are the currents which travel from VTL to VBL , where VIL
is the interlayer voltage. Additionally, before we descend into
the specifics of simulating such as system, we must define our
axes. Here, we take x̂ to be along the length of the device,
ŷ to be along the width of the device, and ẑ to be in the
depth direction. We assume that the top and bottom layers
are perfectly registered with one another, and the transport is
ballistic in nature.
With the device structure set, we now outline the system
Hamiltonian that we use to elucidate the salient performance
characteristics of this device. We begin by defining the Hamiltonian for the each layer [22], [23]

τi,j |ij| + V |ii|
(1)
Hlayer =
i,j

where, in (1), τi,j = −τ = −3.03 eV if the orbitals corresponding to locations |i and |j are nearest neighbors on
the honeycomb lattice, of which each atom has three nearest
neighbors in graphene, otherwise τi,j = 0 eV. The resulting
bandstructure from the layer Hamiltonian is the well-known linear bandstructure for low-energy excitations with two minima
at the K and K  points in the Brillouin zone. Due to this unique
bandstructure, the quasi-particle excitations are equivalent to
Dirac quasi-particles or, equivalently, Weyl neutrinos [22]. The
V |ii| term in (1) represents the Hartree term for each position
in the layer. In this paper, we assume that the top layer and
the bottom layer are perfectly registered with one another. This
assumption is a reasonable one due to the fact that the two layers
are not in physical contact with one another. From the simple
definition of the layer Hamiltonian, we can extend this to the
definition of the system Hamiltonian as



HTL
Δ
.
(2)
Hsystem =

Δ
HBL
Here, the diagonal portions of (2) represent the layer
Hamiltonians for the top and bottom layers HTL and HBL ,
 represent the interrespectively, and the off-diagonal terms Δ
layer interactions. In order to represent the interlayer interactions, we utilize pseudospin notation where the “which-layer”
degree of freedom is mapped into a spin-1/2 quasi-particle with
pseudospin up | ↑ representing the top layer and pseudospin
down | ↓ representing the bottom layer. The interlayer interactions we describe here are composed of both single-particle
interactions and many-body interactions. The single-particle
interlayer tunneling term Δsas contributes an effective field
to the system Hamiltonian in the x̂ direction. This interaction
contribution arises from the fact that interactions contribute
a Zeeman field to the Hamiltonian of a spin-polarized gas
which is oriented in the same direction as the spin polarization.
The interaction contribution to the interlayer transport can be
derived by expanding the energy functional obtained by minimizing the ground state Hartree–Fock trail wavefunction for the
many-body system around the supercurrent state, as has been
done previously in the case of semiconducting bilayers in the
quantum Hall regime [24]. Graphene bilayers with pseudospin
polarization due to tunneling have a similar contribution to the

3

Hamiltonian. We can write down the interaction contribution to
the Hamiltonian, including both single particle and many-body
contributions, as [25], [26]
 = Δsas x̂ + U mexc [cos(ϕexc ), sin(ϕexc )] .
Δ

(3)

In (3), m
 exc is the magnitude of the pseudospin polarization
and is defined as
m
 exc =

1
T r[ρτ ]
2ν0

(4)

where, in (4), ρ is the Hermitian 2 × 2 pseudospin density
matrix


ρ↑↑ ρ↑↓
ρ=
(5)
ρ↓↑ ρ↓↓
and τ = (σx , σy , σz ) is the vector of Pauli spin matrices and
ν0 is the layer density of states. In (3), ϕexc is the planar
orientation of the pseudospin magnetism on the pseudospin
Bloch sphere, and U is the on-site Coulomb interaction. As a
result of the multiplications performed in (4), m
 exc has three
directional components: mxexc , myexc , and mzexc . The x̂ and ŷ
directional pseudospin fields may be obtained by examining the
pseudospin density matrix as
mxexc = ρ↑↓ + ρ↓↑
myexc = − iρ↑↓ + iρ↓↑ .

(6)

From the directional pseudospin fields obtained in (6), we
may combine these expressions to obtain the planar orientation
of the pseudospin magnetism ϕexc by
 y 
mexc
−1
ϕexc = tan
.
(7)
mxexc
However, we still need to identify the ẑ-directed component
of the pseudospin field which is a measure of the screening
between the top and bottom layer and serves to energetically
separate the nested Fermi surfaces [23], [25], [26]. This component is simply the difference between the top and bottom layer
self-consistent potentials or
mzexc =

V↑ |ii| − V↓ |ii|
ρ↑↑ − ρ↓↓
=
.
2
2

(8)

We may collect all the interaction contributions and rewrite
(3) in expanded notation as
 = (Δsas + U mxexc ) σx + U myexc σy + mzexc
Δ

(9)

where σx , σy , and σz are the x̂-, ŷ-, and ẑ-directed Pauli
matrices. The only remaining part of the Hamiltonian left to
be addressed is the on-site Coulomb term U in the interaction
contribution. This term deals with the amount of exchange
enhancement existing between the two layers when the layers
have an equal number of electrons in the top layer as holes in the
bottom layer. As this is a term which is inherently many body
in nature, single-particle techniques, even those which propagate the Hamiltonians containing many-body terms, cannot
accurately capture the strength of the exchange enhancement
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of the coupling between the two layers resulting from the
strong interlayer Coulomb interactions. Therefore, we utilize
the interlayer exchange enhancement as calculated by other
mean-field methods [16], [17], and, for the remainder of this
paper, we set the value of the on-site Coulomb interaction to be
U ≈ 0.1EF .

(10)

Now, with the Hamiltonian completely specified, we calculate the transport properties of this system using standard selfconsistent process. To find the single-particle density matrix
of the 2-D system, we must evaluate the quasi-particle Hamiltonian where the interactions are modeled in the local density
approximation we outlined earlier. We do so using a Greens’function-based method in a real-space tight-binding basis, as
done previously [22], [23], [26]. The electrostatic potential
throughout the system is calculated from the charge density
in each of the 2-D layers by solving the Poisson equation in
three dimensions with the appropriate boundary conditions.
The solution of the full 3-D Poisson equation is necessary to
correctly account for the interlayer and intralayer interactions
which arise in the Hartree term in (1) and (2). The boundary
conditions that we employ in this paper are hard-wall boundary
conditions on the top, bottom, and sides of the simulation domain and open boundary conditions at the contacts. The use of
hard-wall boundary conditions here is justified by the fact that
the edges of the graphene ribbons are armchair, and both the
A sublattice and B sublattice wavefunctions go to zero at the
edges in an armchair configuration. Once we obtain the singleparticle density matrix, we update the density in the Poisson
solution via the Broyden method [27] to help accelerate selfconsistency between the transport and electrostatic equations.
We iterate over the Poisson equation and the transport kernel
until we have a difference in old and new potentials which is
less than the single-particle splitting Δsas to ensure accurate
results. Once self-consistency has been achieved, we compute
the currents via the Landauer formula at finite temperature, i.e.,

2e
T (E) [f↑ (E) − f↓ (E)] dE.
(11)
IIL (VIL ) =
h
III. W IDTH D EPENDENCE OF I NTERLAYER T RANSPORT
Before we examine the interlayer-transport characteristic, it
is important to define a few important quantities which will be
very useful in analyzing the transport in our correlated system.
In Fig. 2, we show a schematic of the charge injection (a) into a
superconductor and (b) into our bilayer system. In Fig. 2(a),
we show a superconductor system with two normal metallic
contacts attached on the left- and right-hand sides of the system.
Now, consider the physical processes at work when we apply
a small bias across the system which causes a single charge
to be injected from the left contact and propagate toward the
right contact. In a superconductor, pairing between electrons
occurs in a small energy range about the Fermi energy. As
a result of the Cooper instability, an energy gap opens about
the Fermi energy. The resulting charge that we inject from
the left contact will be injected directly into this energy gap.
The electron will penetrate into the superconductor over a

Fig. 2. (a) Schematic of normal metallic contact–superconductor–normal
metallic contact geometry where we illustrate the process of (black) an incident
electron from the left contact undergoing the process of an Andreev reflection.
When the incident electron reaches the normal–superconductor interface, it is
reflected back as (red) a hole with opposite spin, and a Cooper pair is launched
in the superconductor to conserve total current. When the electron reaches the
right contact, the supercurrent is converted back into an electron quasi-particle
current. (b) Schematic of the bilayer device that we consider in this paper, where
we illustrate (black) a single incident electron in the top left contact. As the
electron enters the superfluid region in the bulk of the device, it undergoes a
process similar to an Andreev reflection where it is reflected off of the superfluid
region and returns as an electron in the bottom layer. To conserve the total
current, an exciton is launched across the system. As the exciton reaches the
right contact, it is converted back into an electron quasi-particle current.

characteristic distance, referred to as the Josephson length, and
then it is reflected back to the left contact as a hole with opposite
spin. To conserve the overall current across the superconduting
system, a Cooper pair, composed of a spin-up and spin-down
electron, is launched across the superconductor. This process
is referred to as an Andreev reflection. As the Cooper pair
reaches the right contact, it again undergoes a reflection, and
the supercurrent is converted back into a quasi-particle which
then flows out of the system. In Fig. 2(b), we have a situation
that is very similar to the case in Fig. 2(a), with the normalmetal–superconductor–normal-metal system. In our bilayer, we
have equal and opposite momentum in the two layers, and a gap
in the allowed eigenstates will open up about the Fermi energy.
Therefore, as the quasi-particles are injected into the system
from the top left contact, they will reflect off of this gap in
much the same way that quasi-particles are reflected off of the
gap which opens in the energy spectrum of a superconductor
due to the Cooper instability. Once reflected, a portion of
the quasi-particles will be completely reflected back to the
injecting contact, while the other portion of the particles will
be transmitted to the bottom layer. To conserve current, the
system will then launch an exciton which will propagate across
the gapped section of the system until the exciton reaches the
contacts at the opposite end of the structure. At this point,
the exciton will recombine with the quasi-particles and exit the
system via the contacts. The length that the quasi-particle may
penetrate into the gapped region of the system is referred to
as the coherence length LC and is analogous to the Josephson
length in a superconductor. In terms of the system parameters,
we may define the coherence length as [17], [25]

mxexc 
1
LC =
.
(12)
kF
Δsas
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Fig. 4. (a) Interlayer I–V characteristics and (b) interlayer differential conductance for layer widths of (black) 20 nm and (red) 30 nm corresponding to
VGT = −VGB = 0.4 V calculated at room temperature. We see a very obvious
discrepancy between the 20-nm layers and the 30-nm layers as evidenced by the
smaller critical current.
Fig. 3. Plot of the critical currents calculated via (black) the numerical
simulations and the critical currents calculated using (red) (13). We see that
below a certain layer thickness, the critical current in the system drops below
the analytic value.

In (12), kF is the Fermi wave vector of the quasi-particles
in graphene and mxexc  is the value of the longitudinally
directed pseudospin field, also commonly referred to as the
pseudospin stiffness. For our particular gate-voltage configuration of VTG = −VBG = 0.4 V, this results to LC = 10.47 nm.
A second important quantity is the critical current. When
the graphene system is in a BEC and we apply a bias, the
system responds by adjusting the interlayer phase ϕexc to carry
a current. The critical current refers to the maximum interlayer
current which may be carried by the condensate. Utilizing
previous definitions, we may describe the critical current [17],
[20], [24] as
Icrit =

eA mxexc 
L2C

(13)

where A is the area of the graphene layer.
In Fig. 3, we show the main result of this section. Here, we
show that the critical current in the bilayer graphene system
has a width dependence which is not well coordinated with
the analytical results in (13). While the simulations do not
take into account important effects such as phonon scattering
or graphene-edge roughness, we see that if this system is to
be used as a post-CMOS logic device, care must be taken
when designing them. Should the layer width be scaled too
aggressively, there is an appreciable loss in device performance.
For layer widths of 30 nm and above, we find that the system
has a critical current which is 50% larger than the analytical
value, as has been predicted previously [26]. This increase in
critical current is due to thermal smoothing of the interlayer
interactions, slowing the energy separation of the two nested
Fermi surfaces. Yet, as we scale the layer width below 30 nm,
we find that the critical current drops to values of only about
10% of the analytical value. One naively expects this to be
a critical width where the Fermi surface becomes deformed
from the expected 2-D Fermi surface due to the confinement;
however, the Fermi wavelength in the system is still λF =
1 nm. Therefore, this should not be affecting our results. At
widths of 30 nm, the magnitude of the critical current increase

at elevated temperatures due to thermal smoothing of the interlayer interactions, so we would expect larger magnitudes for the
critical currents in the 20-nm case, as well. As we are assuming
that the quasi-particles here are moving ballistically, energy loss
due to other phonon-related processes cannot be the culprit that
is responsible for the reduction in the magnitude of the critical
current.
We now examine the I–V characteristics in Fig. 4(a) corresponding to the 30-nm-wide sample (red) with a single-particle
tunneling amplitude of Δsas = 100 μeV. We have chosen this
value to be small enough so as to have a coherence length that is
shorter than the length of our device and large enough so as not
to require a great deal of self-consistent iterations in order to
achieve energy resolutions below Δsas . Clearly, we see that the
current varies linearly with the applied interlayer voltage before
reaching the critical current. Here, we find that the magnitude of
the critical current is 326.4 ± 11.6 μA compared with the 266.5
μA which is obtained using (13). The discrepancy between
these two values is related to the thermal smoothing of the
interlayer interactions at elevated temperatures [26]. Once the
interlayer current exceeds the critical current, the interlayer
conductivity of the system quickly drops, and the two layers
behave as if they are noninteracting. In other words, the tunneling that we find in the system past the critical current is due to
incoherent tunneling processes limited by Δsas .
This situation is to be contrasted with the curve representing
the system with the 20-nm-wide graphene layers (black) in
Fig. 4(a). In this situation, the magnitude of the calculated
critical current is 12.9 ± 8.1 μA compared with the analytical
value of 177.7 μA. The variation of the current with the applied
interlayer voltage is more clearly seen in Fig. 4(b) where
we plot the differential interlayer conductance as a function
of the applied interlayer bias. We may now clearly see the
linear variation of the interlayer current with the interlayer
voltage until we reach the critical current, and the interlayer
conductivity drops quickly with increasing interlayer bias for
both the 30-nm (red) and 20-nm (black) systems. We also notice
the large discrepancy in the regime where the interlayer current
may be supported by the BEC as we decrease the system width,
with the differential interlayer conductance beginning to drop at
VIL = 0.07 V compared with VIL = 0.45 V for the 30-nm case.
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Fig. 5. Plot of the longitudinal pseudospin field mx
exc  for Δsas = 100 μeV
at an applied interlayer voltage of VIL = 0.07 V as a function of position in the
bilayer graphene system. The width of the layers in this system is 30 nm. We
see that the value of the longitudinal pseudospin field is equivalent to that of the
on-site Coulomb term U .

To understand the reduction in the magnitude of the critical interlayer currents, we examine the directional pseudospin
fields for the two separate situations. In Fig. 5, we show the
value of the longitudinal pseudospin field mxexc  for an interlayer voltage of VIL = 0.07 V with Δsas = 100 μeV. This value
corresponds to the last bias voltage where we are able to obtain
a self-consistent calculation, i.e., before the critical current in
both the 20-nm and 30-nm cases. We see that the value of
mxexc  is very close to the value of the on-site Coulomb term
U . We also note that the quasi-particles are allowed to penetrate
further into the system than LC before they are reflected or
transmitted to the other layer. This is the result of the thermal
broadening in the system allowing for many additional modes
to be injected above the energy gap created by the formation of
a condensate. The waves are injected and couple at either end of
the system; however, their contribution is small compared with
the many-body contribution to the interlayer current, and we
see that the vast majority of the interlayer coupling observed
in mxexc  is within LC after which the magnitude of mxexc 
decays rapidly to numbers which are on the order of magnitude smaller than that of Δsas . Furthermore, we also see the
complicated form the pseudospin fields obtain as a function of
position. This is a result of the interference of the injected states
in the layers interfering with the states reflected off of the gap
opened about the Fermi energy.
In Fig. 6, we plot the transverse pseudospin field myexc  as
a function of position in the system for an interlayer voltage
of VIL = 0.07 V with Δsas = 100 μeV. In this case, it seems
that the transverse pseudospin field is equivalent to that of the
longitudinal pseudospin field only within LC of the left-hand
side of the system where the electrons are injected. It appears
to have no value at all after this point. However, this is counterintuitive, as the lack of an interlayer phase would imply that
there is no current flowing in the system beyond LC . A second
striking feature is that the transverse pseudospin field is greater
than the longitudinal pseudospin field by an order of magnitude
near the injection site on the left-hand side of the system.
In Fig. 7, we show the interlayer phase, using (7), down
the centerline of the system for VIL = 0.07 V. We plot the
interlayer phase simply down the centerline of the system
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Fig. 6. Plot of the transverse pseudospin field myexc  for Δsas = 100 μeV
at an applied interlayer voltage of VIL = 0.07 V as a function of position in
the bilayer graphene system. The width of the layers in this system is 30 nm.
We see that the value of the transverse pseudospin field are about an order of
magnitude greater than that of the on-site Coulomb term U only near the point
where the quasi-particles are injected into the system on the left-hand side.

Fig. 7. Plot of the interlayer phase ϕexc , plotted down the centerline of the
system, as a function of the longitudinal position in our bilayer graphene system
with layers that are 30 nm in width.

(at a width of 15 nm) rather than showing the full surface plot as
the width direction of the layers does not have much variation
when we calculate the interlayer phase. The variation, as we
move across the width at any given length, is typically about 5%
of the phase value shown in Fig. 7. We see that after penetrating
a distance of LC into the system, the interlayer phase does not
vanish. Therefore, while the overall magnitude of the tunneling
may tend to very small numbers, the phase does not. It is vital
to observe this behavior as the gradient of this interlayer phase
relationship is proportional to the velocity of the superfluid
[28]. The near linear variation close to both ends of the sample
denotes a superfluid propagating with a constant velocity. The
velocity of the superfluid changes close to the center of the
system. This is due to the fact that there is a competition
between the many-body term in the Hamiltonian, which desires
a linear phase gradient, and the single-particle tunneling term,
which is trying to force a constant phase difference between the
two layers. The end result is that the superfluid flows with a
constant velocity close to the contacts but slows near the center
of the system.
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Fig. 8. Plot of the longitudinal pseudospin field mx
exc  for Δsas = 100 μeV
at an applied interlayer voltage of VIL = 1.5 V as a function of position in the
bilayer graphene system. The width of the layers in this system is 30 nm. We
see that the value of the longitudinal pseudospin field is now equivalent to that
of the single-particle tunneling term Δsas .

With an understanding of the system behavior below the critical current, we now wish to examine the directional pseudospin
fields when the system is beyond critical current. In Fig. 8, we
plot the longitudinal pseudospin field mxexc  as a function of
position. Now that the system is beyond critical current, we
see some very stark differences between Figs. 5 and 8. The
first difference between the two figures is in the magnitude of
mxexc . In Fig. 5, we observed that the longitudinal pseudospin
field self-consistently obtained a value which was close in value
to the on-site Coulomb term. After the critical current, we know
that the interlayer conductivity decreases rapidly. In Fig. 8, we
find that the longitudinal pseudospin field has dropped more
than two orders of magnitude and now obtains a value which
is very close to the single-particle tunneling amplitude, Δsas .
Therefore, after the critical current has been surpassed, the
two layers look noninteracting with the current flow between
the two layers being governed by single-particle incoherent
tunneling events. A second observation concerning the longitudinal pseudospin field is that there is a slight asymmetry about
the plot. This asymmetry denotes that the interlayer current
at the ends of the sample is no longer identical. The lack of
identical currents at the ends of the system shows that the gap
in the excitation spectrum has closed and that some modes
may propagate from the end of one layer to the other end of
the same layer and tunnel from top to bottom, as is the case
in normal single-particle physics and seen in other coupled
systems [21]. This is corroborated by the fact that now, quasiparticle tunneling is not confined within LC of the injection
sites, and mxexc  now has appreciable magnitude over all of the
system.
With such large changes in the longitudinal pseudospin field,
we would expect to see equally interesting changes in the
transverse pseudospin field. Indeed, in Fig. 9, we find that, over
the entire system, the transverse pseudospin field has taken a
very small value. This small value denotes a system which
has no gradient in the overall interlayer phase resulting in no
condensate flow from the left-hand side of the system to the
right. This confirms that we are now in a regime dominated by
single-particle tunneling and not correlated many-body effects.

7

Fig. 9. Plot of the transverse pseudospin field myexc  for Δsas = 100 μeV
at an applied interlayer voltage of VIL = 1.5 V as a function of position in the
bilayer graphene system. The width of the layers in this system is 30 nm. We
see that the value of the transverse pseudospin field is very small.

Fig. 10. Plot of the longitudinal pseudospin field mx
exc  for Δsas =
100 μeV at an applied interlayer voltage of VIL = 0.07 V as a function of
position in the bilayer graphene system. The width of the layers in this system
is 20 nm. We see that the value of the longitudinal pseudospin field is equivalent
to that of the on-site Coulomb term U at its maximum but that significant
quantum-interference effects are now present.

With an understanding of the general behavior of the 30-nm
system, we can examine the longitudinal pseudospin fields of
the 20-nm device to search for the root of the discrepancy
in the interlayer transfer characteristics. To this end, we examine the longitudinal pseudospin field in the 20-nm system
with Δsas = 100 μeV and an interlayer bias of VIL = 0.07 V
as a function of position in Fig. 10. The first feature of this
plot that appears different from the pseudospin field that we
plot in Fig. 4 is that there are many more interference peaks in
the structure. These peaks result from the reflection off of the
gap about the Fermi energy which results from the interaction
between the two layers. Instead of seeing one “hot spot” on
either side of the system corresponding to the flow of quasiparticles between the two layers, the current flow between the
two layers is now spread out in space. Furthermore, we also
see that the interference produces sizable perturbations in the
longitudinal pseudospin field. The interference peaks produce
variations in the pseudospin field on the order of 50% of
the value of the on-site Coulomb term. We also see that the
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Fig. 11. Plot of the transverse pseudospin field myexc  for Δsas = 100 μeV
at an applied interlayer voltage of VIL = 0.07 V as a function of position in the
bilayer graphene system. The width of the layers in this system is 20 nm. We
see some of the effects of quantum interference here in the spatial variation of
myexc , but the overall phase is well behaved.

quasi-particles which are injected into the system above the gap
now have a more significant interlayer coupling in the center
of the system, beyond a distance of LC from either side. The
value of mxexc  at its maximum is still on the same order of
magnitude as the on-site Coulomb term, which is consistent
with Fig. 4, and that we are still below the critical current, but
the interference effects on mxexc  are undeniable.
Beyond the understanding of mxexc , we may also examine
the behavior of the transverse pseudospin field. In Fig. 11, we
plot myexc  for Δsas = 100 μeV and an interlayer voltage of
VIL = 0.07 V in a system with layer widths of 20 nm. As was
shown in Fig. 6, we see that myexc  is more than an order of
magnitude greater than mxexc  near the left-hand side of the
system close to the contacts, resulting in ϕexc ≈ π/2. Further,
we also notice that this peak extends longitudinally roughly
to a distance of LC . We find that when we determine the
overall phase of the system, it is very close in magnitude and
gradient to that shown in Fig. 7. This is to be expected as the
system response from both the 30-nm and 20-nm layer width
systems results in the same interlayer current. We can see the
signatures of the quantum interference seen in Fig. 10 in the
spatial variation of the transverse pseudospin field; however,
the self-consistent process results in an overall phase which is
well behaved, as seen in Fig. 7. Therefore, the examination of
the pseudospin fields yields no insight into why the smaller of
the systems should reach the critical current so much sooner
than the wider system.
To resolve this question, we do not look into the in-plane
pseudospin fields but to the ẑ-directed component of the
pseudospin fields mzexc  represented by (8). In Fig. 12, we plot
the self-consistent potential for 30-nm layers with an interlayer
voltage of VIL = 0.07 V. In both the 30-nm and the 20-nm
layers, the system is still in an ordered pseudospin state. As the
quasi-particles enter the system, the interactions resulting from
the pseudospin torque effect [26] work to shift the pseudospin
orientation from pseudospin up | ↑ to pseudospin down | ↓
along the left-hand side of the system or from pseudospin down
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Fig. 12. Plot of the out-of-plane pseudospin field mzexc  for Δsas =
100 μeV at an applied interlayer voltage of VIL = 0.07 V as a function of
position in the bilayer graphene system. The width of the layers in this system is
30 nm. We see only longitudinal variation in mzexc , and it only has a nonzero
value over the first LC away from the contacts.

Fig. 13. Plot of the out-of-plane pseudospin field mzexc  for Δsas =
100 μeV at an applied interlayer voltage of VIL = 0.07 V as a function of
position in the bilayer graphene system. The width of the layers in this system is
20 nm. Quantum-interference effects produce large variations in mzexc  which
work to separate the Fermi surfaces in energy.

to up on the right-hand side of the system. We see very clearly
in Fig. 12 that the pseudospin-torque term only acts on the
quasi-particles over a distance of LC away from the contacts.
Beyond this distance, mzexc  decays to zero, at which point the
quasi-particle flow is converted into supercurrent which flows in
the bulk.
In Fig. 13, we contrast this simple picture of mzexc  in the
30-nm layers with mzexc  in the 20-nm layers. Here, we can
see the effects of the quantum interference on the system very
clearly. The quantum interference arising from reflections off
of the gap in the bulk of the system disturbs mzexc  and results
in a heavily spatially dependent field. We notice that the field
now can be both larger and smaller than mzexc  in the 30-nm
case within LC of the contacts. We further notice that there
is a small contribution to mzexc  beyond LC on either side of
the system. Therefore, despite the fact that the system iterates
to self-consistency over the mean-field equations, the quantum
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interference works to prematurely energetically separate the
nested Fermi surfaces for the systems with layer widths of
20 nm and below. As the interlayer bias is increased, the quantum interference is exacerbated by the increased confinement in
the 20-nm layers, and mzexc  works to continue the energetic
separation of the Fermi surfaces, which works to effectively
close the gap and cut off the supercurrent flow in the layers.
At this point, we return to the situation shown in Figs. 8 and 9,
where we find no evidence of a gap or condensate.
IV. C ONCLUSION
We have performed self-consistent quantum-transport calculations on bilayer graphene systems which are composed of two
monolayers of graphene separated by a thin 1-nm SiO2 tunnel
dielectric in the regime of superfluidity. We find that, for layer
widths greater that 20 nm in size, the system critical current
can exceed the analytical values predicted by as much as 50%.
This is due to the thermal smoothing of interlayer interactions
allowing the Fermi surfaces to remain nested in energy longer
than expected. We examined the system behavior before and
after reaching the critical current through the analysis of the
directional pseudospin fields. However, as we scale the widths
of the layers down, we find an appreciable drop in the maximum
critical current the system can sustain to roughly around 10%
of the predicted analytical value. This results from reflections
off of the energy gap which opens in the bulk of the system as a
result of the formation of an exciton condensate. The quantum
interference, which is exacerbated by the stronger confinement,
works to energetically separate the nested Fermi surfaces and
reduce the critical current in the bilayer graphene systems.
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